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Abstract: Dissolution of a solid surface under turbulent fluid flow can lead to the

formation of periodic ripple-like structures with a wavelength dependent upon flow

velocity. A model coupling hydrodynamics with mass transport and dissolution kinetics

shows that the shape stability of these structures can be explained from fundamental

principles. The effects of a subgrid diffusion boundary layer must be included in the
dissolution model to produce realistic results. The importance of including not only the

mean flow velocity, but also the turbulent component of flow, in the dissolution model is

emphasized. The numerical experiments also compare dissolution profiles for gypsum

and calcite.

INTRODUCTION

Limestone dissolution under turbulent, high-velocity
flow commonly leads to a certain surface roughness mor-

phology known as scallops. Such scallops can have com-

plex, three-dimensional shapes, but can also take the form

of ripples or flutes oriented normal to the flow direction

(Curl, 1966, 1974; Goodchild and Ford, 1971; Blumberg

and Curl, 1974; Thomas, 1979; Gale, 1984; Villien, et al.

2005).

One of the most interesting properties of dissolution

flutes is that their profiles are stable in time, while

migrating both vertically as the surface is globally dissolved
and in the downstream direction in a soliton-like manner

(Blumberg and Curl, 1974). Such behavior is maintained

as long as the flute with profile y(x,t) obeys the one-

dimensional transport equation with horizontal velocity

ux and an added term uy for the mean dissolution rate

(corresponding to vertical displacement velocity):
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This equation refers to dissolution rates in the vertical

direction, and x is the horizontal (i.e., not tangential to the

profile). The free parameters ux and uy allow for a family of

possible dissolution profiles all compatible with a given

flute shape. These parameters also imply a certain angle of
translation of the flute with respect to the horizontal, as

tanh~uy

�
ux.

The dissolution rate in a direction normal to the surface
can be calculated geometrically as (cf. Curl 1966, eq. 15)
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Curl (1966) and Blumberg and Curl (1974) provided

careful theoretical analysis and experimental results on

dissolution scallops and flutes in gypsum. They found that

the Reynolds number calculated from flute wavelength and

main-channel maximum velocity remained fairly constant

at Re 5 23300 over a large range of flow velocities,

implying an inverse relationship between flow velocity and

flute wavelength. Bird et al. (2009) presented a full 3D

fluid-dynamics simulation of flow over static dissolution

scallops, confirming several of the observations of flow

patterns described by Blumberg and Curl (1974). A recent

review of dissolution scallops was given by Meakin and

Jamtveit (2010).

The purpose of this paper is to couple a simple 2D fluid

dynamics model to a dissolution model, and to compare

the simulation dissolution profiles with the dissolution pro-

files required for the stability of experimental flute shapes.

METHODS

The numerical experiments all use a fixed two-

dimensional flute geometry reported from laboratory

experiments with gypsum at Re 5 23300, flute wavelength

5.1 cm (Blumberg and Curl 1974). The empirical sine series

of flute geometry normalized to flute wavelength is

ŶY~0:112sinpX̂Xz0:028sin2pX̂X{0:004sin3pX̂X : ð3Þ

To reduce boundary effects, hydrodynamics were

simulated using three consecutive flutes, and subsequent

study concentrated on the central flute. The total simulated

area was 15.24 by 5.08 cm. A grid size of 612 by 204 gave

a resolution of h 5 0.25 mm. The Navier-Stokes code

NaSt2D-2.0 (Griebel et al. 1997; Bauerfeind, 2006) was

used with a k-e turbulence model. In addition to the mean

velocity vector field u, this code also produces the eddy

(turbulent) viscosity nt that can be regarded as a measure of
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degree of local turbulence (Boussinesq approximation).

The results of the computational fluid dynamics were

cross-validated using the k-e turbulence model provided in

an independent finite volume, unstructured mesh code,

OpenFoam version 1.6 (www.openfoam.com). The velocity

and eddy viscosity fields given by the two programs were

practically identical.

The equations for scalar transport of dissolved species

were approximated using explicit finite difference methods.

The advection term was implemented with a second-order

Lax-Wendroff difference scheme (Lax and Wendroff, 1960).

Turbulent mixing was approximated using the Reynolds

analogy, where mixing is modeled as diffusion with a tur-

bulent (eddy) diffusivity that can be orders of magnitude

larger than molecular diffusivity. The turbulent diffusivity is

defined as

C~
nt

st

, ð4Þ

where nt is turbulent viscosity and st is the turbulent Prandtl

number. We used st 5 1.0. The complete transport equation

for the concentration c with mean velocity field u becomes

Lc

Lt
~{u:+cz+: C+cð Þ: ð5Þ

Precipitation and dissolution rates under flow can

be largely dependent upon the thickness of a diffusive

boundary layer (e.g., Buhmann and Dreybrodt 1985; Liu

and Dreybrodt 1997; Opdyke et al., 1987). The diffusive

boundary layer can be only a few micrometers thick at high

flow rates and is not captured with the grid size used here.

For example, Curl (1966) reports a transfer coefficient k 5

3.4 3 1023 cm s21 under conditions typical for flute

formation. With a molecular diffusion coefficient of D 5

1.2 3 1025 cm2 s21, this corresponds to a diffusive

boundary layer thickness e 5 35 mm. The thickness of the

diffusive boundary layer can be defined as the point where

molecular and turbulent diffusivities are equal. With y the

perpendicular distance from the solid-liquid interface into

the liquid, molecular diffusion dominates in the region y , e.

With D the molecular diffusivity, we then have

C(e)~
nt(e)

st

~D: ð6Þ

Away from the boundary the eddy viscosity nt (y9) is

nearly linear, vanishing near the boundary (Kleinstein,

1967). This is in accordance with the eddy viscosity profile

seen from the NaSt2D-2.0 solution down to the first liquid

cell over the boundary (y9 5 250 mm). Near the boundary,

the eddy viscosity profile becomes more complex and gen-

erally follows a power law with 3 as exponent (Kleinstein,

1967). However, this nonlinearity is expected to be found in a

layer much thinner than the grid size. We therefore roughly

estimate the subgrid values of the eddy viscosity nt (y9) by

linear interpolation between the surface (nt (0) 5 0) and

the prescribed value in the first cell. The thickness e of

the diffusive boundary layer can then be computed from

Equation (6).

An alternative estimation of the diffusive boundary

layer thickness is based on the viscous boundary layer

thickness, which is much larger. The viscous boundary

layer thickness d can be defined as the height where

turbulent diffusivity is equal to kinematic viscosity n and

can be estimated by linear interpolation of turbulent

diffusivity from the first grid cell to the interface, as above.

The diffusive boundary layer thickness is then estimated

using an empirical relation

e~
d

sa
, ð7Þ

where s 5 uD is the Schmidt number. The exponent a
is assumed to be between 1/3 and 1/4 (Wüest and Lorke

2003). With s < 103 and Sc < 1/3, we have e < 0.1d.

The molar dissolution rate of gypsum follows the rate

law of Opdyke et al. (1987):

R~
D

e
Ca2z

eq

h i
{ Ca2z
� �� 	

, ð8Þ

where Ca2z
eq

h i
is the equilibrium concentration of 15.4 mM

at 20 uC. A more complex, second-order equation was given

by Raines and Dewers (1997) and Villien et al. (2005). This

reaction adds calcium to the solution, modifying the boun-

dary condition of Equation (5) at the solid-water interface.

The transport equations are applied to calcium concentra-

tion only. Because the fluid dynamics are many magnitudes

faster than the rate of movement of the interface due to

dissolution, we run the fluid dynamics in a static geometry,

where the boundary conditions are not moving.

Dissolution of calcite uses the method described by

Hammer et al. (2008) with the rate equation of Plummer

et al. (1978). This requires the modeling of reaction and

transport of three species in solution, [CO2], [Ca2+] and

the sum of the carbonate and bicarbonate concentrations

c½ �~ HCO{
3

� �
z CO2{

3

� �
. The Plummer et al. (1978) rate

computed from the concentrations in the fluid cell above

the interface is multiplied with an approximate empirical

function of the diffusive boundary layer thickness e,

derived from Table 2 in Liu and Dreybrodt (1997):

b~0:02z
0:001

ez0:001
: ð9Þ

The transport equations use cyclic boundary conditions

at the inflow and outflow boundaries. In order to keep the

system away from equilibrium, maintaining dissolution

over time, a sink for the dissolved species was provided by

setting the concentrations to zero at the upper boundary of

the domain. For the calcite model, [CO2] was set to 0.1 mM

at the upper boundary.
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RESULTS

The model geometry and mean flow velocity are shown

in Figure 1. The flow streamlines in Figure 2 demonstrate

flow separation at the crest and the formation of a back

eddy. The flow reattachment point is found near the lower

end of the stoss side, while the region of maximal eddy

viscosity is localized further up the slope. The mean

velocity profile away from the fluted wall is precisely

logarithmic up to a distance of about 1 cm, after which it

starts to diverge from logarithmic towards the middle of

the channel due to the inflow and outflow boundary

conditions.

Figure 3 shows the Ca concentration field from the

dissolution of gypsum, and the simulated dissolution pro-

file together with a theoretical profile (rate normal to the

surface) calculated from Equations (2) and (3). Apart from

a ragged appearance due to the discretization grid, the

simulation result is similar to the theoretical profile, with a

sharp decrease in dissolution rate after the crest followed

by a gradual increase to a maximum about halfway up

the stoss side. However, the recovery of dissolution rate

downstream from the crest is somewhat delayed in the

simulation compared with the theoretical profile.

To assess the sensitivity to grid resolution, the complete

simulation (fluid dynamics, transport and dissolution) was

repeated on a twice coarser grid (306 by 102, h 5 0.5 mm),

and also with a 1 mm grid. The dissolution profiles were

indistinguishable in shape between these runs, but overall

dissolution rate scaled with roughly the square root of h.

We ascribe this scale difference to the decrease as cell size

increases in average concentration of dissolved species in

the first cell over the interface. However, since the shape of

the profile is unaffected, this grid dependence does not

influence conclusions about the stability of the flutes.

The calcite dissolution profile (Fig. 4) seems further

removed from the ideal profile than for the gypsum case,

with a more gentle decrease in dissolution rate after the

crest and without a clear maximum on the stoss side.

Another difference between the two simulations is the

smaller amplitude of the dissolution profile compared with

the average value for calcite than for gypsum. This implies

a larger k/nx value for calcite, and therefore, a larger angle

of flute translation with respect to the horizontal. Using the

Figure 1. The geometry of the simulation, with the absolute value of mean-field flow velocity (cm/s). Flow from left to right.

Figure 2. The central part of the modeled domain, with mean-field flow streamlines (black). The eddy viscosity field (colors)

indicates degree of local turbulence.
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ratio between mean dissolution rates in the horizontal and

vertical directions, the angle at which the flute moves into

the dissolving face can be computed as about 54 degrees for

the gypsum simulation, compared with the 61 6 2 degrees

reported by Blumberg and Curl (1974) and 80 degrees for

the calcite simulation. These differences can only be due to

the different equations used for dissolution kinetics,

possibly indicating that the rate equation of Plummer et

al. (1978) or Equation (9) above is not fully applicable

under the conditions simulated here.

The correspondence between ideal and modeled disso-

lution curve can be illustrated by plotting the hy/ht from

the simulation against hy/hx. According to Equation (1), this

relationship should be linear, with slope 2ux. By setting

2uy equal to the average dissolution rate from the simu-

lation, the ideal slope can be calculated as 2ux 5 uy/tan h. As

shown in Figure 5 for the gypsum case, the displacement of

the dissolution profile downstream of the crest compared to

the theoretical case gives too low slope of a on the lee side of

the trough, overcompensating for an excessive slope on the

stoss side. Near the bottom of the trough and near the top of

the crest, the data follow a more linear trend.

DISCUSSION

The simple model described above seems sufficient to

capture the essential aspects of the stability of dissolution

flutes. The inclusion of turbulent mixing and the thinning

of the laminar boundary layer under turbulence are neces-

sary for reproducing a dissolution maximum close to the

predicted position. The displacement of the dissolution

maximum from the reattachment point and closer to the

position of maximum eddy viscosity may indicate that

dissolution in this region is controlled more by turbulence

effects than by the angle of flow with respect to the surface,

as suggested by Bird et al. (2009). On the other hand, the

underestimation of dissolution rate near the reattachment

point may indicate that the balance between the influence

Figure 3. Results from simulation coupling hydrodynamics with gypsum dissolution. a: Calcium concentration in solution (mM).

b: Simulated dissolution rate profile, aligned with fig. 3a. c: Theoretical dissolution profile for stable flutes, calculated from

Equations 2 and 3.
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Figure 4. Results from simulation coupling hydrodynamics with calcite dissolution. a: Calcium concentration in solution.

b: Simulated dissolution rate profile.

Figure 5. A plot of the result from the gypsum dissolution model, cf Equation (1) in text. Local slope of the flute profile

(hy/hx) versus velocity of surface dissolution in the vertical direction (hy/ht). Dashed line: Theoretical relationship for stable

flutes based on the experimental dissolution angle of 616 (Blumberg and Curl, 1974). Solid line: Theoretical relationship based

on the angle of 546 resulting from the simulation.
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of mean flow advection and turbulence needs further

tuning to reproduce the theoretical result. More advanced

turbulence modeling (including the simulation of unsteady

turbulence by, for example, large eddy simulation) and also

improved empirical or theoretical models for dissolution

kinetics may prove useful in this respect. The exact profile

of eddy viscosity very close to the solid-fluid interface (here

assumed linear), which influences the estimation of diffu-

sive boundary layer thickness, may also be a factor.

The poorer results of the calcite model compared to the

gypsum model are interesting. The only difference between

the two simulations is in the dissolution kinetics. It is

possible that the different solution and dissolution kinetics

of the calcite system would lead to a different stable flute

shape than for the gypsum system, and that the gypsum

flute geometry used in the simulation does not represent

the steady state for calcite. However, the calcite flute

shapes illustrated by Curl (1966; Fig. 3) do not appear very

different from the gypsum flutes. It is therefore possible

that the calcite dissolution model used here does not fully

reflect the kinetics in the natural system.
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